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Abstract. We show that the algebra of commuting Hamiltonians of the homogeneous 
XXX Heisenberg model has simple spectrum on the subspace of singular vectors of the 
tensor product of two-dimensional jj[ 2 -modules. As a byproduct we show that there exist 
exactly (™) — two-dimensional vector subspaces V C C[u] with a basis f,g € V 

such that deg/ = l,degg = n — I + 1 and f(u)g(u — 1) — f(u — l)g(u) = (u + l) n . 



1. Introduction 

1.1. Homogeneous XXX Heisenberg model. Consider the vector space (C 2 )® n and 
the linear operator Hxxx = Y^j=i + Pi,n, where P it j is the flip map for the i-th and 
j-th tensor factors: 

Pi,j Vx ® • • • ® v n = v x (2) • • • (8) v j_i <S> Vj <g> v i+ i (8) • • • ® Vj-i g) v j ® ® . . . u n . 

The operator Hxxx is the Hamiltonian of the famous XXX Heisenberg model, and the 
problem is to find eigenvalues and eigenvectors of Hxxx- 

The Hamiltonian commutes with the natural g[ 2 -action on (C 2 )®™ and it is enough to 
diagonalize the Hamiltonian on each subspace of gl 2 -singular vectors of given weight, 

Sing (C 2 f n [l] = { v E (C 2 f n | e 12 v = 0, e u v = (n - l)v, e 22 v = Iv } , 

where n — I > /. 
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H. Bethe in [B] proposed a method, called nowadays the Bethe ansatz method, to obtain 
eigenvectors of the Hamiltonian Hxxx- He constructed a rational (C 2 )® n - valued function 
u(ti, . . . ,t{) such that for any admissible solution (t\, . . . ,t{) to the system of equations 



the value oo(t u . . . ,t t ) belongs to Sing (C 2 ) m [l] and is an eigenvector of the Hamiltonian 
Hxxx- Here a solution (ii, . . . , ti) to system (11 .11) is called admissible if all ti, . . . , U are 
distinct, and all factors in (jl.ip are nonzero. 

Equations fll.il) are called the Bethe ansatz equations. If (t\, . . . ,ti) is an admissible 
solution to the Bethe ansatz equations, then the value u{t\, . . . ,ti) is called the Bethe 
vector. 

The Bethe ansatz equations and the function ui(ti, . . . ,ti) are symmetric with respect 
to permutations of t\, . . . ,t[. Therefore, the symmetric group Si acts on solutions to the 
Bethe ansatz equations and the number of Bethe vectors is equal to the number of orbits 
of admissible solutions to the Bethe ansatz equations. 

The Hamiltonian Hxxx can be included into a one-parameter family, called the transfer 
matrix, of commuting linear operators on (C 2 )® n . These operators generate a commuta- 
tive unital subalgebra of End ((C 2 )® n ), called the Bethe algebra. Every Bethe vector is 
an eigenvector of the Bethe algebra. 

It is natural to ask if the Bethe ansatz method constructs a basis of eigenvectors and 
if the spectrum of the Bethe algebra is simple. 

The first examples show that the Bethe ansatz method does not construct a basis of 
eigenvectors. If n = 4 and I = 2, then dim Sing (C 2 )® n [Z] = 2, the Bethe ansatz equations 
are 



Hence there is only one Bethe vector in the two dimensional space of singular vectors. 

In this paper we prove that the Bethe algebra has simple spectrum, namely, that there 
exists an eigenbasis of Sing (C 2 ) (gln [/], and any two eigenvectors are separated by the 
eigenvalues of elements of the Bethe algebra. Clearly, such an eigenbasis is unique. 

We show that elements of the eigenbasis are labeled by two-dimensional subspaces 
V C C[u] with a basis /, g such that degf = I, degg = n — I + 1, and 



(h + 2) 4 (h - t 2 - 1) = (ti + l) 4 (ti 
(* 2 + 2) 4 (t 2 - h - 1) = (t 2 + l) 4 (t 2 



*2+l) 
tl + 1) 



(1.2) 



and there is only one orbit of admissible solutions: 




f(u)g(u-l)-f(u-l)g(u) 



(u + 1) 



n 
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In particular, we show that there exist exactly 

dim Sing (C 2 r[/] = 

such subspaces V. 

To describe the eigenvector corresponding to a subspace V let us consider the monic 
polynomial / G V of degree I and its roots ti, . . . , t/. If t j — t 3 1 for all i ^ j and 7^ 
— 1, —2 for all i, then (ti, . . . ,ti) is an admissible solution to the Bethe ansatz equations, 
and the eigenvector assigned to the subspace V equals the Bethe vector w(ti, . . . , t t ). 

If the /-tuple (ti,...,ti) does not satisfy the inequalities mentioned above, then the 
vector u(ti, . . . ,t{) equals zero in Sing (C 2 )® n [/]. Nevertheless one can define a nonzero 
vector Q(ti, . . . ,ti) in the corresponding "holomorphic representation" W a ,d which is an 
infinite-dimensional 0[ 2 -module with a natural epimorphism W a ,& —> (C 2 )®". In fact, that 
new Bethe vector uj(tx, . . . G W a ^ lies in the subspace of singular vectors Sing W aj d[Z] 
and is an eigenvector of the corresponding Bethe algebra acting on W a ^- We consider the 
maximal subspace W C SingW a)d [Z] with three properties: i) W contains u)(ti, . . . , tj), 
ii) W does not contain other eigenvectors of the Bethe algebra, iii) W is invariant with 
respect to the Bethe algebra. Let a : SmgW a) d[l] — > Sing (C 2 ) (gln [Z] be the natural pro- 
jection. We show that the image a(W) C Sing (C 2 ) (gln [/] is a one-dimensional eigenspace 
of the Bethe algebra acting on Sing (C 2 )® n [/] with the same eigenvalues as the eigen- 
values of u)(ti, . . . ,ti) with respect to the Bethe algebra acting on W a ,d- The subspace 
a{W) C Sing (C 2 ) lX,n [/] is that one- dimensional subspace of eigenvectors assigned to the 
two-dimensional subspace V C C[u\. 

The construction described above provides a generalization of the Bethe ansatz method 
in which the solutions to the Bethe ansatz equations are replaced by the two-dimensional 
subspaces V C C[u] and the Bethe vectors in Sing(C 2 ) lX,n [Z] are replaced by the subspaces 
a(W). Our result says that the generalized Bethe vectors form a basis in Sing (C 2 ) (gln [/] 
and, moreover, the spectrum of the Bethe algebra is simple. 

For example, if n = 4 and I = 2, then the space Sing (C 2 ) (gl4 [2] is two-dimensional and 
there are exactly two two-dimensional subspaces V C C[u] with a basis f,g such that 
deg/ = 2, deg# = 3, and 

f(u)g(u-l)-f(u-l)g(u) = (u + l) 4 . 

The first subspace V\ is generated by polynomials u 2 + 3u + | , u 3 + 6u 2 + llu + ™. 

The roots t 1? t 2 = — § ± \\l ~ § °f the quadratic polynomial form an admissible solution 

to the Bethe ansatz equations (11. 2p . The Bethe vector w(ii,t 2 ) G Sing (C 2 )® 4 [2] is the 
eigenvector corresponding to V\. 

The second subspace V 2 is generated by polynomials (u + l)(u + 2), u 3 + 6u 2 + 10u + 1 . 
The roots t\ = — 1, t 2 = —2 of the quadratic polynomial form a non-admissible solution 
to the Bethe ansatz equations (jl.2p . The Bethe vector u>(ti,t 2 ) is zero in Sing (C 2 )® 4 [2], 
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and in order to construct the eigenvector in Sing (C 2 )® 4 [2] corresponding to Vi we need 
to apply the procedure described above. 

The correspondence between the eigenvectors of the Bethe algebra and the two-dimen- 
sional subspaces is in the spirit of the geometric Langlands correspondence in which 
eigenfunctions of commuting differential operators correspond to connections on curves. 

1.2. Content of the paper. The results of this paper for the XXX model are discrete 
analogs of the results of [MTV3j for the Gaudin model. 

In Section [2] we discuss the Yangian Y(q1 2 ) and Yangian modules. In particular, we 
discuss the holomorphic representation W a ,d of the Yangian Y(gl 2 ). The module W a ,d is 
associated with two monic polynomials 

n n 

a(u) = Y\ ( u — z i + m i) and d(u) = Y\ ( u ~ z i) 

i=l i=l 

and is isomorphic to C[xx, . . . , x n ] as a vector space. 

We introduce a collection ((mi, 0), . . . , (m n , 0)) of g[ 2 -weights and say that the pair 
((mi, 0), . . . , (m n , 0)), I is separating if Ym=i m « — 2/ + 1 + s ^ for all s = 1, . . . , /. 

In Section [3] we consider the subspace SingW 0) d[Z] C W a ,d of g^-shigular vectors and 
introduce the universal difference operator 

® SingW a , d [l) = d ( u ) ~ B(u,H)t~ 1 + a(w)r~ 2 

acting on Sing Wa^fZj-valued functions in u. Here r : f(u) i— > f(u + 1) and B(u, H) = 
H u n + H lU n ~ l + ■ • ■ + H n with H k G End (Sing W a4 [l]). The polynomial B(u, H) is 
defined in terms of the Yangian action on W a d- 

The elements Hk are called the XXX Hamiltonians associated with W a ,d- The XXX 
Hamiltonians generate a commutative unital subalgebra in End (Sing H^ ^f/]) called the 
Bethe algebra associated with W a ,d and denoted by Aw- 

In Section |4] we consider the space C l+n with coordinates a = (ai, . . . ,ai) and h = (hi, 
. . . , h n ). We denote by T>h the difference operator 

V h = d(u) - B(u, h) t- 1 + a(u) r~ 2 , 

where B(u, h) = 2u n + h\u n ~ x + • ■ ■ + h n , and by p(u, a) the polynomial p(u, a) = 
u l + aiu 1 ^ 1 + ■ • ■ + ai. We define the scheme Cd of points p G C' +n such that the 
polynomial p(u,a(p)) lies in the kernel of the difference operator Dh(p)- We define the 
algebra Ad to be the algebra of functions on Cd- In Section 14.41 we define a natural 
epimorphism ipDW '■ Ad — > Aw- 

In Section [51 using the Bethe ansatz method, we prove that if zi, . . . , z n are generic and 
the pair ((mi,0), . . . , (m n , 0)J, / is separating, then the scheme Cd considered clS cl SGt 
has at least dim Sing W^ aj d[Z] distinct points. 
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In Section [6] we review Sklyanin's separation of variables in the XXX model and con- 
struct the universal weight function. Theorem 16.3.21 connects the algebras Ad, Ay/ and 
the universal weight function. 

In Section [7] we consider the action of the algebra on itself by multiplication op- 
erators. We denote by Lf the operator of multiplication by an element f E Ad- The 
algebra Ad acts on its dual space A * D by operators L*f, dual to multiplication operators. 
Using the universal weight function we define a linear map r : A* D — > Sing W a) d[Z]. In 
Theorem 1 7 . 3 . 1 1 we prove that if the pair ((mi, 0), . . . , (m n , 0)) , I is separating, then r is an 
isomorphism which intertwines the action of the operators IS*, f E Ad, with the action 
of the operators ipDw(f) E End(Sing Wo^i]). Therefore, we prove that ipDW '■ Ad — > Aw 
is an algebra isomorphism. Theorem 17.3.11 is our first main result . 

In Section [731 using the Grothendieck residue, we define an isomorphism : Ad — > A* D , 
which intertwines the multiplication operators Lf acting on Ad and the dual operators 
L*j- acting on A* D . Therefore, under the assumption that the pair ((mi, 0), . . . , (m n , 0)), I 
is separating, the composition rcf) : Ad — > SingW 0< f[Z] is a linear isomorphism which 
intertwines the algebra of multiplication operators acting on Ad and the action of the 
Bethe algebra A w on Sing W ajt j[/]. 

In Section [8] we impose new conditions on mi, . . . , m n and Z\, . . . , z n . We assume that 
mi, . . . , m n are natural numbers, still keeping the assumption that the pair ((mi, 0), . . . , 
(m n , 0)), I is separating. We assume also that Z{ — Zj ^ Z if i ^ j. 

We introduce three more algebras Aq, Ap, and A^. To define Aq we consider the 
subspace Cj[u] C C[u] of all polynomials of degree ^ d for a suitably large number d, and 
the Grassmannian of all two-dimensional subspaces of C^[n]. Using the numbers Z\,...,z n 
and mi, . . . , m n we define n + 1 Schubert cycles C^ Zl ^ A (i) , . . . , C^ Zn ^ A ( n ) , C , ^( 00 ) i a(°°) in 
the Grassmannian. The algebra Aq is defined to be the algebra of functions on the 
intersection of the Schubert cycles. 

To define the algebra we denote / = ^™ =1 m s + 1 — 1, 

a = (5i, . . . , dj_ l _ 1 , §j_2 +1 , . . . , , 
p(u, a) = u l + diu 1 " 1 + • • • + af_i_ 1 u l+1 + a ; -_^ +1 M i_1 + • • • + a ; ~ 

and consider space C' +z+n_1 with coordinates a,a,h. We define the scheme Cp as the 
scheme of points p G C i+ ' +n_1 such that the polynomials p(u, a(p)) and p(u, a(p)) lie in 
the kernel of the difference operator D^( p ). We define the algebra Ap to be the algebra of 
functions on Cp. We have a natural epimorphism ipDP '■ Ad —>■ Ap corresponding to the 
map (p(u, a(p)),p(u, a(p)), Dh(p)) (p{u, o,(p)), e D h i p ))- We also show that the algebras 
Aq and Ap are naturally isomorphic. 

To define the algebra Al we introduce the Shapovalov form on W a ^- The kernel K C 
W at d of the Shapovalov form is a Yangian submodule and the quotient module W^djK is 
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isomorphic to the tensor product 

L\{z) = L Ai i)(zi) ® • • • ® L A ( n )(z n ) 

of evaluation Yangian modules, where = (mj,0). We denote by a : Sing W aj d[7] — > 
Sing La [I] the corresponding epimorphism. The Bethe algebra Aw preserves the kernel of 
a and induces a commutative subalgebra A L in End (SingL A [/]) called the Bethe algebra 
on SingLA[/]- We denote by ipwL '■ Aw — > Al the corresponding epimorphism. 

We denote by £ : A D — > SingL A [/] the composition of maps crr0 and show that the 
kernel of £ is equal to the kernel of i/jwp- This allows us to obtain the linear isomorphism 
( : Ap — > SingLA[/] which intertwines the multiplication operators Lf, f G Ap, on Ap 
and the action of the Bethe algebra Al on SingLA[/]. This is our second main result, see 
Theorem 19.3.11 

Additional information on the isomorphism of and Al is presented in Section [TU1 
Section [TT] contains the analogs of the previous results for the homogeneous XXX 
Heisenberg model. 

2. Yangian Y(q[ 2 ) and Yangian modules 

2.1. Lie algebra gl 2 . Let e ab , a, b = 1, 2, be the standard generators of the complex Lie 
algebra gl 2 . We have gl 2 = n + © f) © n~ where 

n + = C ■ e i2 , f) = C • en © C ■ e 2 2 , rT = C ■ e 2 i . 

For a 0[ 2 " m °dule M and a weight /i = (fix, /i 2 ) G t)*, we denote by M\p] C M the weight 
subspace of weight /i and by SingM[/i] C M\p] the subspace of gl 2 -singular vectors of 
weight u, 

SingM[/i] = {v G M[/i] | e 12 v = 0} . 

For a g[ 2 -weight A G f)*, we denote by M\ the Verma gl 2 -module with highest weight 
A and by La the irreducible 0l 2 -module with highest weight A. 

2.1.1. Let A = (AW, . . .,A(")) be a collection of g[ 2 -weights, where A® = (Aj l) , a£°) = 
(m,, 0) for suitable m; 6 C and i = 1, . . . , n. Let / be a non-negative integer. The pair 
A, I will be called separating if XliLi m « ~ ^/ + 1 + s ^ for all s = 1, cf. |MV] . 
|MTV3] . 

2.2. Yangian. The Yangian Y(g[ 2 ) is the unital associative algebra with generators 
a,b = 1, 2 and s = 1, 2, . . . . Let 

oo 

T ab (n) = 5 ab + T 1S~ S , a,b= 1,2. 

s=l 

Then the defining relations in Y(q1 2 ) have the form 



(u - v) [T ab (u),T cd (v)} 



= T cb {v)T ad {u) - T cb {u)T ad {v) , 



(2.1) 
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for all a, b, c, d. The Yangian is a Hopf algebra with coproduct 

2 

A : T ab {u) ^ ^T cb (u)®T ac {u) (2.2) 

for all a, b. 

2.2.1. Proposition [KBI]. The following relations hold: 

k _ _ 1 

7ii(w)T 12 («i) . . .T 12 (u k ) = TT Ti 2 (ui) ■ ■ .7i 2 (u fc )Tu(«) + 

i=l 

+ 77~~~ttt T 12 ( M ) ^ (—!— n ^ ~ M " ~ 1 T 12 (u n ) . . . T 12 KJ TnKj) , 

* u _ u + 1 

T 22 (u) Ti 2 (ui) • • • ri 2 (ufc) = TT ! T 12 {ui) . . . T l2 (u k ) T 22 (u) + 

1 = 1 

+ ™ e n ! ^tr^ i ru <«-> • • • r »(-) r -(««)) ■ 

2.2.2. A series /(w) in u~ l is called monic if f(u) = l + 0(u _1 ). For a monic series /(w), 
there is an automorphism 

Xf : F(0t 2 ) - F( [ 2 ) , T afe ( M ) h- f(u)T ab (u) . 

2.2.3. There is a one-parameter family of automorphisms 

p z : r( [ 2 ) -> Y(gl 2 ) T ab {u) h-> T afc (u - z) , 
where in the right hand side, (w — z)~ Y has to be expanded as a power series in u~ x . 

2.2.4. The Yangian ^(g[ 2 ) contains the universal enveloping algebra U(q1 2 ) as a Hopf 
subalgebra. The embe 
U(q1 2 ) with its image. 



subalgebra. The embedding is given by the formula e ab i— > for all a, b. We identify 



2.2.5. The evaluation homomorphism e : Y(g[ 2 ) — > U(q1 2 ) is defined by the rule: T^p i— ► 
e ba for all a, 6, and T^' i— > for all a, 6 and all s > 1. 

2.3. Bethe subalgebra. The series 

qdetT( M ) = T xx (u) T 22 {u - 1) - T 12 (u) T 21 (u - 1) (2.3) 

is called the quantum determinant. The coefficients of the series qdet T(u) belong to the 
center of the Yangian Y(gl 2 ) |IK| . 

It is known that the coefficients of the series Tn(u) + T 22 (u) commute [FTJ. 
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The unital subalgebra of Y(gl 2 ) generated by coefficients of the series qdet T(u) and 
Tu(u) + T 22 (u) is called the Bethe subalgebra. The Bethe subalgebra is commutative. 

Every element of the Bethe subalgebra commutes with every element of the subalgebra 
U{Qi 2 ). 

2.4. Yangian modules. 

2.4.1. For a g[ 2 -module V denote by V(z) the F(0[ 2 )-module induced from V by the 
homomorphism e o p z . The module V(z) is called the evaluation module with evaluation 
point z. 

2.4.2. Let V be an irreducible finite-dimensional y(gl 2 )-module. Then there exists a 
unique vector v G V such that 

T 21 {u) v = , 

T aa (u) v = c a (u)v , a = 1, 2 , 
for suitable monic series C\{u) , c 2 {u). Moreover, 

d(u) P(u+1) 



c 2 (u) P(u) 



(2.4) 



for a monic polynomial P{u). 

The polynomial P is called the Drinfeld polynomial of the module V. The vector v is 
called a highest weight vector and the series ci(u) , c 2 (u) — the Yangian highest weights 
of the module V. 

It follows from results of [Tj that for any monic polynomial P there exists an irreducible 
finite-dimensional F(g[ 2 )-module V such that P is the Drinfeld polynomial of V, and the 
module V is uniquely determined up to twisting by an automorphism of the form Xf- 

2.4.3. Let Vi, V 2 be irreducible finite-dimensional Y(gl 2 ) -modules with respective highest 
weight vectors Vi,v 2 . Then for the F(gl 2 )-module Vi®V 2 , we have 

T 21 (u) vi®v 2 = , 

Taa(u) V X ® V 2 = (u) (u) V X ® V 2 , O = 1, 2 . 

Let W be the irreducible subquotient of V\ ® V 2 generated by the vector v\®v 2 . Then 
the Drinfeld polynomial of the module W equals the products of the Drinfeld polynomials 
of the modules V% and V 2 . 

2.4.4. Let A = (AW, . . . , Afa)) be a collection of integral dominant gl 2 -weights, where 

AW = (A?, A?) for z = l,...,n. For generic complex numbers . . . , the tensor 
product of evaluation modules 

L A (z) = L A (v ) (z 1 ) ® • • • (8) L A (n)(z n ) 
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is an irreducible finite-dimensional Y(gl 2 )-module and the corresponding highest weight 
series c\(u) , 02(11) have the form 

JL. _ z . 4. A W 

CaM = jj ; L +A ° . (2.5) 

8=1 

The corresponding Drinfeld polynomial equals 

,{«) 



n J H 



w = n II («-«*+«)■ 



2.5. Holomorphic representation. The results of this section go back to [T]. 

Choose monic polynomials a{u) , G C[w] of positive degree n, 

n n 

=1 i=l 



Proposition. There exists a unique Y(Ql 2 )-action on the vector space C[xi, . . . ,x n ] such 
that 

1 n 

(T l2 (u)-p)(x) = —^u^Zipix!,...^^ (2.6) 



+ 2 + . . . . . . , x n ) 

for any polynomial p G C[xi, . . . , x n ] , and 

T u (u) • 1 = • 1 , T 22 (u) -1 = 1, r 2 i(u) -1 = 0, (2.7) 

where 1 stands for the constant polynomial equal to 1 as an element ofC[x\, . . . ,x n }. 

We denote by W a> d the F(g[ 2 )-module defined by formulae (12.61) . (12.71) and call it the 
holomorphic representation of Y(gl 2 ), associated with the polynomials a(u) , d(u). 

The Yangian module W a ,d is cyclic: every element of W a ,d may be obtained from 1 by 
the action of a suitable polynomial in T 12 , T/ 2 , ... . Formulae (12. 7p mean that 1 is 
an eigenvector of the operators T^\T 22 ^ and 1 is annihilated by the operators T 2 ^ with 
s = 1, 2, . . . . Then the Yangian commutation relations allow us to determine the action 
of T^\T 22 \ T 2 ^ on all elements of W a ^- 

2.5.1. Since the coefficients of the series qdetT(w) are central, we have 

A + rpf \ I a ( U ) 

qdetT(n)|^ d = — . 
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2.5.2. For every i, j = 1,2, we have 

Timw aA - , 

where Tij(u) is an End (W aj d)-valued polynomial in u of degree n if i — j, and of degree 
n — 1 if i ^ j. 

2.5.3. The embedding U(gl 2 ) ^ Y{&^) defines a 0l 2 -module structure on W a ,d- The 
0l 2 -weight decomposition of W a ^ is the degree decomposition W a ^ = ffi~ ^o,d[^] into 
subspaces of homogeneous polynomials. The subspace W 0)< f[Z] of homogeneous polynomi- 
als of degree I has g[ 2 -weight w27=i( z, i — ^») — ^ 0' 

2.5.4. Lemma. Denote rrii = Z{ — Zi for i — 1, . . . , n. Let 

SmgW a , d [l] = {peW a , d [l\ I e 12 p = 0} 

be the subspace of q1 2 - singular vectors. Assume that the pair ((mi, 0), . . . , (m n , 0)) ; I is 
separating. Then 

dim SingW M [J] = dim W a , d [l] - dim - 1] . 

Proof. The map ei 2 e 2 i : H^^fl — 1] — > W a ^[l — 1] is an isomorphism of vector spaces 
since the pair ((mi, 0), . . . , (m n , 0)), I is separating. The fact that ei 2 e 2 i is an isomorphism 
implies the lemma. □ 

2.5.5. Denote by + : Y(gl 2 ) — > l^(gt 2 ) ^ ne anti-involution defined by (w) = Tji(u). 
Denote by : W 0) d — > C the linear function p(xi, . . . , x n ) i— > p(0, . . . , 0). TTie Yangian 
Shapovalov form on is the unique symmetric bilinear form S on W a ,d defined by the 
formula S(x ■ 1, y ■ 1) = 4>{x + y ■ 1) for all x,y E Y(gl 2 ). 

Different gl 2 -weight subspaces of are ^-orthogonal and 

n l-l 

det s \w a<d [i] = const JJ JJ (zi - % - s) 

i,j=l s=0 

where the constant does not depend on z±, . . . , z n , Z\, . . . , z n . 

2.6. The kernel of the Yangian Shapovalov form K C W a ,d is a Y($j[ 2 )-submodule. The 
F(0[ 2 )-module W a ^/K is irreducible. 

The Yangian Shapovalov form on W a ,d induces a nondegenerate symmetric bilinear 
form on W a , d /K called the Yangian Shapovalov form of the module W a ^/K. 



n + l-3-2\ 
n—1 ) 



2.6.1. Theorem [TJ. Denote m,i = z^ — for i — 1, . . . , n. Then for generic Zi, . . . , z n , 
zi, ... , z n , the Y(q[ 2 ) -module W a ^ is isomorphic to the tensor product of evaluation Verma 
modules M( mij o)(zi) <S> ■ ■ • <2) M( mnj o)(z n ) . Any such an isomorphism sends 1 to a scalar 
multiple of the tensor product v ( mi ,o) <8> • • • <8> t)( ro „,o) of highest weight vectors of the corre- 
sponding Verma modules. 
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2.6.2. Theorem [T]. Assume that rrij G for i — 1, . . . , n, and mi ^ m 2 ^ • • ■ ^ m n . 

Assume that Zi — Zj+rrij — s ^ and Zj — Zj — 1 — s 7^ for all i < j and s = 0, 1, . . . , m— 1. 
T/ien /or any permutation a G S" n; i/ie irreducible Y($l 2 )-module W a ,d/K is isomorphic 
to the tensor product of evaluation irreducible modules L^ ma ) (z ai ) <S> • ■ ■ <%> ^{m an ,0) ( z a„ ) ■ 
Any such an isomorphism sends the element corresponding to 1 to a scalar multiple of 
the tensor product v ( m ) o) <E> • • • <8> f (m CTn ,0) 0/ highest weight vectors of the corresponding 
irreducible modules. 

A proof of this theorem see also in [CP] . 



2.6.3. The assumption of Theorem 12.6.21 can be formulated geometrically as the assump- 
tion that for i < j the sets 

Si = \Zi, Zi 1, . . . , Zi 77tj = Zi\ and Sj = {zj, Zj 1, . . . , Zj wij = Zjj 

either do not intersect, or the smaller set Si is a subset of the larger set Sj (since we 
assumed that m, ^ raj). 

3. Universal difference operator and algebra A w 

3.1. Definition. Define the operator r acting on functions of u as (rf)(u) = f(u + 1). 
Assume that V is a F(0[ 2 )- mo dule and T a b(u)\v are End (V)-valued rational functions 

in u for all a, b. 

Then one defines the universal difference operator Qy acting on V- valued functions in 
u by the formula 

©V = 1 - (TiiM+TaaM)^?-- 1 + (qdet T(u)) | y r~ 2 , 

see |Tal] . |MTV1] . |MTV2] . The operator Qy is a linear second order difference operator. 

The coefficients of the End (V)-valued series (Tn(tt) + T 22 (u))\ v and (qdet T(w))| 
in u^ 1 generate a commutative unital subalgebra in End (V) called the Bethe algebra 
associated with V. 

3.1.1. If U C V is a vector subspace preserved by coefficients of Dy, then we may regard 
Dv as a linear difference operator acting on [/-valued functions. The new operator will 
be denoted by Du- 

The restriction of the Bethe algebra of V to the subspace U defines a commutative 
unital subalgebra in End (U) called the Bethe algebra associated with U. 

3.2. Operator S)sin g VK a d [i] an d algebra A w . Consider the universal difference operator 
^>w ad acting on W^-valued functions, 

®w a , d = 1 - (T n {u)+T 22 {u))\ Wa T- 1 + (qdet T(u))\ Wad r- 2 . 

We have a t u \ 

( q detT(u))\ Wad = Ai. (3.1) 
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^ (T ( \ MT f V B(U ^ ] 

(Tii (it) + T 22 (u) 



w ^ d(u) 

B(u,H) = H u n + H lU n - L + ■ ■ ■ + H n (3.2) 



where T ~,, ;, „ 



for suitable coefficients H k G End \ W a) d) ■ The coefficients Ho , Hi are scalar operators 
and Hq = 2, Hi — Y^i=i( m i ~ % z i)- These formulae follow from Proposition 12.2.11 
The elements H k are called the XXX Hamiltonians associated with W a ,d- 

3.2.1. The Hamiltonians H k preserve the subspace SingW ajt j[i] defined in Section 12.5.41 
Consider the universal difference operator D sin g w a d [i] acting on Sing W a)d [Z]-valued func- 
tions, 



B(u,H) i a(u) _ 2 



where B(u, H) = H u n +H 1 u n - 1 + - ■ -+H n with H k = H k \ SingWa , d [i] € End (Sing W M [Z]). 
The coefficients i?o , if i , H 2 are scalar operators and 

n 

H = 2 , #i = J] (m - 2*) , 

n 

H 2 = Z (Z - 1 - 53 m + 53 (^^i + - - m i)) • 

j=l l^i<j'$Jn 

To get the last formula, one has to use formulae (12.31) and (13. ip . 

3.2.2. We denote by the Bethe algebra associated with Sing W ad [Z]. It is the unital 
subalgebra of End (Sing W 0) d[Z]) generated by the operators if 4 , . . . , H n , called the 
XXX Hamiltonians associated with Sing W ,<f[Z]. 

3.2.3. We define the modified universal difference operator DsingW 0(J [i] by the formula 
Dm&Wajii] = d(u) £) sm g w a>d [i]- Then 

Sm g w aM [i} = d(u) - B(u,H)t^ + a(u)T~ 2 . 

3.2.4. Theorem. Assume that the pair ((mi, 0), . . . , (m n , 0)), I is separating. Then for 
any vo G SingW a ,d[Z] there exist unique vi, . . . ,vi G Sing W 0i d[Z] such that the function 

w(u) = VqU 1 + viu 1 " 1 + . . . + Vi 

is a solution of the difference equation T>smgW a d[i] w ( u ) = 0- 

Proof. If all weights (mi, 0), . . . , (m n , 0) are dominant integral, then the theorem fol- 
lows from Theorem 7.3 of [MTV2] and remarks in Sections 12.6.11 and 12.6.21 By Lemma 
12.5.41 the dimension of Sing W 0)< |[Z] does not depend on zi, . . . , z n , Z\, . . . , z n , if the pair 
((mi, 0), . . . , (m n , 0)) , I is separating. Hence the theorem holds for all separating ((mi, 0), 
...,(m n ,0)), Z. □ 
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3.3. Algebra A\y and Yangian Shapovalov form. The operators of the algebra Aw 
are symmetric with respect to the Yangian Shapovalov form on W a ^, 

S(fv,w) = S(v,fw) 

for all f e A w and v, w G W a , d , see jMTVl] . 

4. Algebra A d 

4.1. Definition. Assume that zi,...,z n , Zi,...,z n G C and m; = Zj — Zi for i = 
1, . . . , n. Let / be a non-negative integer. 

Denote a = (a 1; . . . , ai) and fa, = (hi, . . . , fo n ). Consider the space C l+n with coordinates 
a, fa. Denote by D the affine subspace of C l+n defined by equations qi(h) = 0, q2(h) = 0, 
where 



(h) = /ii - (mi - 2zj) 



i=i 



g 2 (/l) = h 2 ~ I (I - 1 - ^ 7Wj) ~ (Vi + ^i-mij^-mj)) . 

4.1.1. Denote 

5(u,fa) = 2« n + /i 1 M n - 1 + .- - + /j„, (4.1) 

2? h = - B^h)^ 1 + a(w)r" 2 , 

p(w, a) = u l + aiu 1 ^ 1 + • ■ ■ + ai . 

If fa satisfy the equations qi(h) = and q 2 (h) = 0, then the polynomial T> h (p(u, a)) is a 
polynomial in u of degree I + n — 3, 

D h (p(«,o)) = g 3 (a,fa)M /+n " 3 + ... + gz+„(a,fa) . 

The coefficients qi(a, fa) are functions linear in a and linear in fa- 
Denote by Id the ideal in C[a, fa] generated by polynomials qi, q 2 , (fe, . . . , qi+ n - The 
ideal Id defines a scheme Cd C D. Then 

A D = C[a,h)/I D 

is the algebra of functions on Cj> 

The scheme Cd is the scheme of points p G D such that the difference equation 
Dh( p )w(u) = has a polynomial solution p(x, a(p)). 

4.2. Independence of dimension of Ad on zi,...,z n . For fixed m lr ..,m n , the 
scheme and the algebra A D depend on the choice of numbers z = (zi,...,z n ): 
C D = C D {z), A D = A D {z). 



14 E. MUKHIN, V. TARASOV, AND A. VARCHENKO 

4.2.1. Theorem. Assume that the pair ((mi, 0), . . . , (m n , 0)) , I is separating. Then the 
dimension of Ajj(z), considered as a vector space, is finite and does not depend on the 
choice of numbers z\, . . . , z n . 

Proof. It suffices to prove two facts: 

(i) For any z, there are no algebraic curves lying in Cd(z). 

(ii) Let a sequence z^\ i = 1,2,..., tend to a finite limit z = (z\, ...,z n ). Let 
pW G Cd(z^), i = 1,2,... , be a sequence of points. Then all coordinates 
(a(p^), h(p^) remain bounded as i tends to infinity. 

We prove (i), the proof of (ii) is similar. 

For a point p in Cd{z), the operator X>h(p) has the form 

d(u) - (2u n + h 1 (p)u n - 1 + h 2 (p)u n ~ 2 + h 3 (p)u n - 3 + --- + h n (p))r- 1 + a(u)r-\ 

where the coefficients h\(p) , h 2 (p) are determined by the equations qi(h) = and 
q 2 (h) = 0. 

Assume that (i) is not true. Then there exists a sequence of points pW G Cd(z), 
i = 1,2,..., which tends to infinity as i tends to infinity. Then it is easy to see that fa.(p^) 
cannot tend to infinity since it would contradict to the fact that D/^pW) (p(x, a (p^))) — 0. 

Choosing a subsequence, we may assume that h(p^) has a finite limit as i tends 
to infinity. Then a{p^) cannot tend to infinity since it would mean that the limiting 
difference equation has a polynomial solution of degree less than /, and this is impossible. 

This reasoning implies that ^ Cd(z) cannot tend to infinity. Thus we get a con- 
tradiction and statement (i) is proved. □ 

4.3. Second description of Ad- 

4.3.1. Theorem. Assume that the pair ((nix, 0), . . . , (m n , 0)) , / is separating. Assume 
that h satisfies equations qi(h) = and q2(h) = 0. Consider the system 

qi (a,h) =0, z = 3,...,Z + 2 , (4.2) 

as a system of linear equations with respect to a^, . . . , Oj. Then this system has a unique 
solution <2j = a,i(h) , % — 1, . . . , I, where ai(h) are polynomials in h. □ 

Proof. Theorem 14.3.11 follows from the fact that 

n i—1 

q 2 +i(a, h) = i(y~]m s — 2l + i + l)ai + ^ Qij(h) % 

8=1 j=l 

for % = 1, . . . , I. Here are some linear functions of h. The coefficient of dj does not 
vanish since the pair ((mi, 0), . . . , (m n , 0)) , I is separating. □ 
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4.3.2. Denote by I' D the ideal in C[h] generated by n polynomials qi(h) , q 2 (h) , 
qj(a(h), h) , j = I + 3, . . . , I + n. Then 

A D = C[h]/I' D . 

4.4. Epimorphism ipow '■ ~^ Ay/. Let hi, . . . , h n be the functions on D, introduced 
in Section I4~TI and Hi, . . . , H n the operators introduced in Section [3.2.11 

4.4.1. Theorem. Assume that the pair ((mi, 0), . . . , (m n , 0)) , I is separating. Then the 
assignment h s i— > H s , s — 1, . . . ,n, determines an algebra epimorphism ipow '■ 
A w - 

Proof. The equations defining the scheme are the equations of existence of a poly- 
nomial solution p(u,a) of degree / to the polynomial difference equation D h w{u) = 0. 
By Theorem I3.2.4[ the defining equations for Cd are satisfied by the coefficients of the 
universal difference operator Dsi ng w ad ii] ■ D 

5. Bethe ansatz and C d 

5.1. Bethe ansatz equations. The Bethe ansatz equations is the following system of 
equations with respect to complex numbers t = (ti, . . . , U) : 

n n 

Yl (tj - z s + 1 + m s ) Yl (tj - t k - 1) = Yl (tj - z s + 1) Yl (tj - t k + 1) , (5.1) 

s=l k^=j s=l k^j 

j = l,. ..,1. 

A solution t is called admissible if all ti, . . . ,ti are distinct, and all factors in fl5.ll) are 
nonzero. 

The permutation group Si acts on admissible solutions. If t = (ti, . . . ,ti) is an admis- 
sible solution, then any permutation of these numbers is an admissible solution too. We 
shall consider ^-orbits of admissible solutions. 

The following lemma is well-known, see for example Lemma 2.2 in [MV] . 



5.1.1. Lemma. Lett be an admissible solution. Denote 

P(u) = T\(u-U) , = d{uMu) ± aiuUu ~ 2) 

a p(u-i) 



Then !B(w) is a polynomial of degree n and p(u) is annihilated by the difference operator 

d{u) - S(u) t- 1 + a{u) t~ 2 . 

5.1.2. Corollary. Any Si- orbit of admissible solutions of the Bethe ansatz equations 
gives a point of the scheme Cd considered as a set. Moreover, different Si-orbits give 
different points. 



16 E. MUKHIN, V. TARASOV, AND A. VARCHENKO 

5.1.3. Theorem. Denote di = dim Sing W^df/]. Assume that the pair ((mi, 0), . . . , 
(m n , 0)) , / is separating. Then for generic Z\,...,z n the Bethe ansatz equations have at 
least di distinct Si-orbits of admissible solutions. 

5.1.4. Corollary. Assume that the pair ((mi, 0), . . . , (m n , 0)) , I is separating. Then for 
generic Zi, . . . ,z n the scheme Co considered as a set has at least di distinct points. 

5.2. Proof of Theorem 15.1.31 Make the change of variables: z s = z s /e, s = 1, . . . ,n, 
and ti = ti/e, i = 1, . . . , I. Then equations (15.11) take the form 

s =i z s + e k _^. tj t k + e 

As e tends to zero, equations (15.21) take the form 

n 

and in the limit we obtain 



rT y-ErZT = ' 3 = l,-,l- (5-3) 



The last system is the system of the Bethe ansatz equations for the Gaudin model. It 
was proved in [RV] that if the pair ((mi, 0), . . . , (m n , 0)) , I is separating and z±, . . . , z n 
are generic, then system (15. 3p have at least di distinct S^-orbits of admissible solutions. 
This proves Theorem 15. 1 .31 

6. Separation of variables 

6.1. Change of variables. For a non-negative integer I let Q[yi, . . . , y n _i] Sym be the 
vector space of symmetric polynomials in yi, . . . ,y n -i of degree not greater than I with 
respect to each variable. Denote 

W M [Z] = ^Q[yi,...,y n _i] Sym C C[y , yi, . . . , y n -i] 

and set W a d = ©^ W a d [/]. Define an isomorphism of vector spaces 

W a4 W M (6.1) 

using the formula 

n n—1 

^u n ~ l = y Y[(u- yj ) , 

i=l j=l 

%i = (— 2/o cri-i(2/i, • • • ,y n -i) , 



that is, by setting 
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where <jj_i is the (i — l)-st elementary symmetric function. For example, for n = 2 we 
have X]U + x 2 = y (u - y x ) and x 1 =y , x 2 = -yoVi- 

We will identify the spaces W a ,d and V$ a ,d using isomorphism (16.11) . In particular, this 
defines a y(g[ 2 )-module structure on W arf . We denote by SingW ai(J [Z] C W ad [/] the 
subspace of g[ 2 -singular vectors. 

Isomorphism (16.11) defines on W a ^ and its subspaces the operators which were previously 
defined on W a ^ and its subspaces. Those new operators will be denoted by the same 
symbols. In particular, we shall consider the action of operators Ty(u) and Hq, . . . ,H n 
on W M . 

6.2. Sklyanin's theorem. 

6.2.1. Theorem [Sk]. The action of en, e 22 , T u (u), T 22 {u) on W ad is given by the 
following formulae: 

e n = y^rrii - y — , e 22 = y — , (6.2) 
^ oy oy 

n n—l n—l n—l 

f u (u) = (u + e 11 -j2^ + Y,y^U^-y^ + E^II^^;^ 1 ' ( 6 - 3 ) 

i= i j= i j= i j= i ji^yi yy 

n n—l n—l n—l 

f 22 (u) = (u + e 22 - J> + ]T Vi) W u ~ Vi) + E d (Vi) U r » > ( 6 ' 4 ) 

i= \ j= i j= i j= i ji^j yj yy 

where r y . : f(y , . . . ,y n -i) >-> f(yo, ...,%■ + 1, . . .,2/n-i)- 

Proof. The proofs of formulae (16. 2p are straightforward. 

The proofs of formulae (16.31) and (16. 4p are similar. We will prove formula (16.41) . Clearly, 
the weight subspace W a d [/] is spanned by vectors of the form 

l n-1 

f 12 ( Ul ) . . . f la («o i = y i n n - ( 6 - 5 ) 

i=i i=i 

with various iti, . . . , ui. So, it suffices to verify formula (16.41) on such vectors. 

Both the expression T 22 {u) T 12 {ui) . . . T 12 (w;) • 1 and the right hand side of formula 
(16. 4p applied to Ti 2 (ui) . . . Ti 2 (ui) ■ 1 are polynomials in u of degree n. Therefore, they 
are uniquely determined by their coefficients at u n and u n_1 , and the values at n — 1 
points ... , y n -i. 

Proposition EXU and formulae (j277j) . fl2X2|) . fl63|) yield that 

n I n—l 

f 22 (u)f 12 ( Ul ) . . . f 12 ( Ul ) -l = (u n + (i - o ^) ^ n n - yj) + o ^ n ~ 2 ) 

j=l i=l j'=l 
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as u — > oo, and 

i 

(f 22 (u)f 12 ( Ul ) . . . f 12 (ui) ■ 1) | u=% = d{yf) y l Yl ((Ui - y-j + 1) Yl ( u i - Vj) 

* =1 jVj 

which proves the theorem. □ 
6.2.2. Corollary. We /tcroe 

n n— 1 n— 1 

b{u,h) = f n (u)+f 22 (u) = (2 U +j2( m i- 2z i) + 2 J2y^ Il^-yj) + 

1=1 j=l jf=l 



n-l ✓ x 
i = l V ^ ^ 7 



i =1 



6.3. Universal weight function. Denote y = (yo, . . . , y n -i)- Recall that a = (ai, 
. . . , ai) , h = (hi, . . . , h n ) and a) = x l + aix 1 " 1 + ■ ■ • + a/. Denote 

n-l 

w(y,o) = 2/0 II ~ • 

This element of W a ^[/] ® C[a] C W a)( j[Z] ® C[a, /i] is called t/ie universal weight function. 

The trivial but important property of the universal weight function is given by the 
following lemma. 

6.3.1. Lemma. Consider C l+n with coordinates a,h. Then for every p G C l+n , the 
vector u(y, a(p)) is a nonzero vector of W a> d[l]- □ 

Denote by ud the projection of the universal weight function u)(y, a) to W Qj rf[Z] ®Ad = 
W a>d [l]®A D . 

6.3.2. Theorem. Assume that the pair ((mi, 0), . . . , (m n , 0)) , I is separating. Then for 
s — 1, . . . , n, we have 

H s uj d = h s uj D (6.6) 
in W 0il j[l] ® Ad- Moreover, we have 

u D e SingW M [Z] ®A D d W M [Z] ® A D . (6.7) 

6.3.3. Proof of Theorem \6.3.2 . To prove formula (16. 6p it is enough to show that the 
polynomial (B(u, H) — B(u, h)j u(y, a) projects to zero in C[u] ® W aj( i[Z] ® Ad- Let 

n-l 

T>(u, yi ,...,y n ^,h) = Y^B( yj ,h)H^^ . 

3=1 i'+i W 
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For j = 1, . . . , n, we have y u . . . , y n _i, h) = B{y^ h) and B(it, j/i, . . . , y n _i, /i) is a 

polynomial in u of degree ^ n — 2. Hence 

n—1 n—1 

B(u,h) - , B(u,y 1 ,...,y n - h h) = (2u + /i a + 2 J^%J - %) . 

i=i j=i 

We have 

(5(72, /7 i - /i) + 2/i, . . . , y n - u h) - j/i, . . . , ?/ n _i, h))u{y, a) = 

(n n—1 \ 

(- + - 2z i)) n ( m " Hi) ) a ) + 
i=l j=l ' 

j i V,-./ % ' // '' y 

Clearly all terms in the right hand side of this formula project to zero in C[w]®W aiC ,;[7]®^D- 
Hence, formula (16.61) is proved. 

The proof of formula (16.71) is based on the following lemma. 

Lemma. We have e 2 \ei 2 ujD = 0. 

Proof. From the formula for the quantum determinant we have 

f 12 (u)f 21 (u-l)Lu(y,a) = (f u (u)f 22 (u-l) - a(u)d(u - 1)) u(y, a) , (6.8) 

where T 12 (ii)T 21 (u — 1) = e 2 iei 2 u 2n ~ 2 + 0(u 2n ~ 3 ). Therefore, our goal is to calculate the 
coefficient of u 2n ~ 2 in the right hand side. We have 



r , . , , en + e 22 . e 22 (en + 1) + + T 2 { 2 } . 
T n (u)T 22 (u- 1) = 1 H 1 — 2 h 0{u 



-22 rtf„.-3\ 

// //- 

Hence 



T lx {u)T 22 {u - 1) - r u («) - T 22 (u) + 1 = 622(en 2 +1) + 0( M - 3 ) 

IT 

and 

Th(m)T 22 (m - 1) - 5(w, if) <f(tx - 1) + d(u)d(u - 1) = e 22 (en + l) M 2n ~ 2 + 0(w 2n " 3 ) . 

Thus the right hand side of (16.81) equals 

(B(u, H) - a(u) - d{u))d{u - 1) u(y, a) + e 22 (e n + l)u 2n - 2 u(y, a) + 0{u 2n - ?J ) . 

Here n 

e 22 (eu + 1) u(y, a) = I \JT rrii-l + l) u(y, a) , 

i=l 

B(u,H)uj(y,a) = B(u,h) u(y,a) , 
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n 

a(u) + d(u) = 2u n - S2 (2z s - rris)^' 1 + {z&j + (zj - m i )(z j - mj)) u n ~ 2 + ... 

s=l l^i<j^n 

and B(u, h) = 2u n + hiu n ~ l + h 2 u n ~ 2 + . . . . Therefore, the right hand side of (16.81) 
equals 

n 

(ht + ^2(2z s - m s )J u n ~ x d{u - 1) u(y, a) + 

8=1 

n 

(h 2 +l(y2mi - I + lj - i z 'i z i + _ m i)( z i - m i))) u 2n " 2 u{y, a) + 0(?i 2 ™" 3 ) . 

Clearly the first two terms of this expression project to zero in C[u] ®W d[Z] ®Ad- This 
proves the lemma. □ 

In order to deduce formula (16. 7p from the lemma, it is enough to notice that the 
operator e 2 \ is injective, in variables y it is the operator of multiplication by ijq. Therefore, 
ei2^D = 0. Theorem 16.3.21 is proved. 

7. Multiplication in A d and Bethe algebra A w 

7.1. Multiplication in Ad. By Theorem 14.2.11 the scheme Cd considered as a set is 
finite, and the algebra Ad is the direct sum of local algebras, 

A D = ®pA PtD 

corresponding to points p of the set Cd- 

The local algebra A Py D may be defined as the quotient of the algebra of germs at 
p of holomorphic functions in a, h modulo the ideal I Pt £> generated by all functions 

Ql, <Z2, • • • , Ql+n- 

The local algebra A p d contains the maximal ideal m p generated by germs which are 
zero at p. 

For f £ Ad, denote by Lf the linear operator Ad — > Ad, g > fg, of multiplication by 
/. Consider the dual space 

A* — (T\ A* 
D — ^P A p,D 

and the dual operators : A* D — ► A* D . 

Every summand A* pD contains the distinguished one-dimensional subspace m p which 
is the annihilator of m p . 

7.1.1. Lemma |MTV3j . 

(i) For any point p of the scheme Cd considered as a set and any f G Ad, we have 
L* f (m p ) C m p . 

(ii) For any point p of the scheme Cd considered as a set, if W C A* pD is a nonzero 
vector subspace invariant with respect to all operators L*p f G Ad, then W con- 
tains m p . 
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Proof. For any / G m p we have L*^(m p ) = 0. This proves part (i). 

To prove part (ii) we consider the filtration of A Pt r> by powers of the maximal ideal, 

A P , D D m p d ml D ■ ■ ■ D {0} . 

We consider a linear basis {f a ,b} of A p>D , a — 0, 1, ... , 6 = 1, 2,..., which agrees with 
this filtration. Namely, we assume that for every i, the subset of all vectors f a ,b with a ^ % 
is a basis of m p . 

Since dim A P) t/vci p = 1, there is only one basis vector with a = and we also assume 
that this vector / ,i is the image of 1 in A P} d ■ 

Let {f a,b } denote the dual basis of A* D . Then the vector f ' 1 generates m p . 

Let w = Y2a b c a,bf a,b be a nonzero vector in W. Let be the maximum value of a 
such that there exists b with a nonzero c a ,b- Let bo be such that c a0t b is nonzero. Then it 
is easy to see that L* f w — c ao bnf ' 1 - Hence W contains m p . □ 

7.2. Linear map r : A* D — > Sing W a ,d [ I } • Let f%, . . . , be a basis of A D considered as a 
vector space over C. Write 

UD = J2 Vi ®fc with Vi e SmgW ajd [l] = SmgW a , d [l] . (7.1) 

% 

Denote by V C Sing W^fZ] the vector subspace spanned by v%, . . . , v^. Define the linear 
map 

t : A* D - Sing^Z] , ^ ^ g(u D ) = ^ ^(/ f ) ^ . (7.2) 

i 

Clearly, V is the image of r. 

7.2.1. Lemma. Let p be a point ofCu considered as a set. Let 

u(y,a(p))eW a , d [l]=W a , d [l] 

be the value of the universal weight function at p. Then the vector u(y, a(p)) belongs to 
the image ofr. □ 

7.2.2. Lemma |MTV3] . Assume that the pair ((mi, 0), . . . , (m n , On , I is separating. 
Then for any f G Ad and g G A* D , we have r(L*f(g)) = i>Dw{f){ T {g))- 

In other words, the map r intertwines the action of the algebra of multiplication oper- 
ators L*j- on A* D and the action on the Bethe algebra on Sing Wa,d[Z]. 

Proof. The algebra A D is generated by h%, . . . , h n . It is enough to prove that for any 
s we have r(L* hs (g)) = H s (r(g)). But r(L* hs (g)) = E^O^H = #(Ei «t ® fc./i) = 
g&iHsVi^f^HMg))- □ 

7.2.3. Corollary. T/ie vector subspace V C Sing W^dfZ] zs invariant with respect to the 
action of the Bethe algebra Ay/ and the kernel of t is a subspace of A* D , invariant with 
respect to multiplication operators Ly, / G Ap. 
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7.3. First main theorem. 

7.3.1. Theorem. Assume that the pair ((mi, 0), . . . , (m n , 0)) , I is separating. Then the 
image of r is Sing PF^f/] and the kernel of t is zero. 

7.3.2. Corollary. The map r identifies the action of operators L*p f G Ad, on A* D and 
the action of the Bethe algebra on Sing Wa,d[7]- Hence the epimorphism ipDW '■ Ad — > 
Aw is an isomorphism. 



Proof of Theorem \7.3.1\ First we will show that r is an epimorphism for generic z. 

Let di = dim Sing W 0) d[/]. Corollary 15.1.41 says that for generic z there exists d t 
distinct points p t , . . . ,p d in Cd- By Lemma [6.3.11 and the second part of Theorem 16.3.21 
the vectors u(y, a(p x )), ui(y, a(p d )) are nonzero vectors in SingPVa^f/]. It follows 
from the first part of Theorem 16.3.21 that these vectors are linearly independent and hence 
form a basis of Sing W a d [l]. Therefore, r is an epimorphism for generic z by Lemma 

OH 

By Theorem 14 . 2 . 1 1 and Lemma T2.5.4[ dimensions of Ad and Sing do not depend 

on z. Hence dim Ad dim Sing tV Q) d[Z] for all z%, . . . , z n . Therefore, to prove Theorem 
17.3. H it is enough to prove that r has zero kernel. 

Denote the kernel of r by K. Let Ad = © p ^4 p ,d be the decomposition into the direct 
sum of local algebras. Since K is invariant with respect to multiplication operators, we 
have that K = © p K n A* p D , and for every p , the vector subspace K D A* p D is invariant 
with respect to multiplication operators. By Lemma I7.1.1[ if K PI A* D is nonzero, then 
K fl A* p D contains the one- dimensional subspace m p . 

Let {f a ,b} be the basis of A pD constructed in the proof of Lemma [7.1 .11 and let {f a,b } 
be the dual basis of A* D . Then the vector f 0,1 generates m p . By definition of r, the 
vector T(f ' 1 ) is equal to the value of the universal weight function at p. By Lemma 
16.3. 1\ this value is nonzero and that contradicts to the assumption that f 0,1 lies in the 
kernel of r. □ 

7.4. Grothendieck bilinear form on Ad- Realize the algebra Ad as C[h]/I' D , where 
I'd is the ideal generated by n polynomials q\(h) , q2{h) , qj(a{h), h) , j = I + 3, . . . , l + n, 
see Section [4.3.21 

Let p : A D — > C, be the Grothendieck residue, 



Let ( , )d be the Grothendieck symmetric bilinear form on Ad defined by the rule 

(/, 9)d = p(fg) ■ 

The Grothendieck bilinear form is nondegenerate. 

The form (, )d determines a linear isomorphism : Ad — > A* D , f i— > (/, -)d- 
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7.4.1. Lemma. The isomorphism (f> intertwines the operators Lf and L^ for any f G 
A D . 

Proof. For g G Ad we have <f>(Lf(g)) = <j)(fg) = (fg,-) D = (gJ-)o = L)((g,-) D ) = 
L* f <Kg). □ 

7.4.2. Corollary. Assume that the pair ((m 1? 0), . . . , (m„, 0)) , / is separating. Then 
the composition r<p : A D — > SingW^Z] is a linear isomorphism which intertwines the 
algebra of multiplication operators on Ad and the action of the Bethe algebra Aw on 
SingW M [Z]. 

8. Three more algebras 

8.1. New conditions on (m l5 0) , . . . , (m n ,0), I. In the remainder of the paper we 

assume that .,, , , 

A = (A«...,AW) = ((mx.O) , ... , (m n ,0)) 

is a collection of dominant integral g[ 2 ~ we ight s ) that is, m s e Zj> for s — 1, . . . , n. 

We assume that / G is such that the weight (X)s=i m s ~h is dominant integral, 
that is, 5^" =1 m s — l^-l. This assumption implies that the pair ((mi, 0) , ... , (m n , 0)) , Z 
is separating. 

Denote Z = X^=i m s + 1 — Z. We have Z > Z. 

8.2. Wronskian. The (discrete) Wronskian of polynomials f,g& C[u] is the polynomial 

Wr (/(«),$(«)) = /(«)</(«- 1) -/(«- . 

8.2.1. Lemma. Let /, G C[u]. Assume that f,g are monic polynomials of degrees 
1,1, respectively, that lie in the kernel of the difference operator 

d{u) - 'Biujr- 1 + a{u)r- 2 . 

Then n mg 

m{f{u),g{u)) = (Z-Z) J]J]( U -z a +j) . 

S=l J = l 

Proof. Let C(tt) = Wr (f(u), g(u)). Then the top coefficient of C(-u) equals Z — Z, and 

e(u) a(u) 
C(u - 1) = d{u) ' 

which determines the polynomial Q(u) uniquely. □ 

8.2.2. Lemma. Let f,g G C[u], z G C, m G Z >0 . Assume that f(z — j) — /or 
j = 1, . . . , m + 1. T/ien the polynomial Wr (f(u),g(u)) is equal to zero at u = z — j, 
j = 1, . . . , m, and the polynomial f(u)g(u — 2) — f{u — 2)g{u) is equal to zero atu = z—j, 

.7 = 1,..., 771-1. □ 
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8.2.3. Lemma. Let f, g, C G C[u), z G C, andWr(f(u),g(u)) = 

(i) // Q(z) ^ and f(z - 1) = 0, toen - 1) ^ 0. 

(ii) If Q(z) ^ and /(z) = 0, £/ien /(z - 1) ^ 0. □ 

8.2.4. Lemma. Let f, g G C[u), z G C. l%en 

Wr ((it -*)/(«), = («-z)(«-2-l)Wr(/H, S H) . □ 

8.3. Schubert cycles and algebra Aq- Let d be a sufficiently large natural number 
with respect to the numbers mi, . . . ,m n considered in Section I8TT1 Let C d [u) be the 
vector subspace in C[u] of polynomials of degree not greater than d. 
For z G Z and z G Z >0 , set 

i 

fi(u,z) = Y[(u-z + j) . 

J'=l 

Introduce a complete flag in Cd[it] : 

5F(z) = {0 = F d+1 (z) C F d (*) C • • ■ C F x {z) C F„(*) = C,M) , 

where Fi(z) consists of all polynomials divisible by fi(u,z). 
Introduce the complete flag in C d [u] associated with infinity: 

J(oo) = {0 = F d+1 {oo) C F d {oo) C • ■ ■ C Fi(oo) C F (oo) = C d [u}} , 

where i^(oo) consists of all polynomials of degree ^ d — i. 

8.3.1. Denote G the Grassmannian of all two-dimensional vector subspaces in C^tt]. 
Let = {0 = F d+ i C F d C • • ■ C F\ C F = C d [u]} be a complete flag and A = (a, b) a 

gt 2 dominant integral weight such that d ^ a ^ 6 ^ and a, 6 G Z. Define the Schubert 
cell Cj- A C G to be the set of all two-dimensional subspaces V C C d [u] having a basis 
/, g such that 

/ G F a+ i - F a+2 and g G F b - . 
Define the Schubert cycle C^a C G as the closure of the Schubert cell. 

8.3.2. For s = 1, ...,n, we consider the Schubert cells G°^ 2 > A(s) C G, where A^ = 
(m s , 0), and the Schubert cell G° (oo) A(oo) C G, where A (oo) = (d-l,d-l- 1). 

In other words, G°^ 2 ^ A(s) is the set of all two-dimensional subspaces V C C d [u] having 
a basis /, g such that 

ff(2.-l)^0, - m s ~ 2) 7^ , f( Zs -j) = for j = l,...,m s + l , 

and GJL . A(oo) is the set of all two-dimensional subspaces F C C d [x] having a basis f,g 

such that deg / = I and deg <? = I. 
Consider the intersection 

G G = Cgr^^Coo) fl ( fl" =1 Ggr( Zs ) jA ( s ) ) 

of the corresponding Schubert cycles. Denote by Ac the algebra of functions on Cq- 
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8.3.3. Lemma. Assume that Z{ — Zj ^ Z for i ^ j. Then 

C g = C ?(oo),a(°°) n (^i^aw)' ( 8 - 1 ) 

Proof. Let V G C^^w^) H (H" =1 C* z< u(,)) and /, g a basis of V, such that cleg / ^ I and 
degg I. Then on one hand, we have deg Wr (f(u),g(u)) ^ I + 1 — 1. On the other hand, 
the polynomial Wr (f(u),g(u)) is divisible by YH=i ET^i ( u ~ z s + j) by Lemma 18.2.21 
Since Yl™=i m s = I + 1 — 1, we may conclude that deg f — I, degg = I and V G ^-(oo) A(°°)" 
Since we know that a suitable linear combination of / and g is divisibe by f ms+ i(u,z. 



s I ■ 



we may conclude that V G CJL, > A(s) by Lemma 18.2.31 □ 

8.3.4. Lemma. Assume that Zi — Zj ^ Z /or i ^ j ■ Then Aq considered as a vector 
space is finite- dimensional. Moreover, this dimension does not depend on z. 

Proof. It suffices to prove that for any z with — Zj ^ Z for i ^ j there are no algebraic 
curves lying in Cq(z), and this easily follows from Lemma [8.3.31 □ 

8.3.5. Under conditions of Lemma [8.3.41 the dimension of Aq as a vector space is given 
by Schubert calculus. 

Namely, let A = (A^, . . . , A*™)) be the collection of gt 2 -highest weights, where bS s ^ = 
(m s ,0). Let 

L\ = L A (i) <g> • • • <g> L A( n) 

be the tensor product of irreducible g[ 2 -modules with highest weights A^, . . . ,AS n \ re- 
spectively. Denote by SingLA[/] the subspace of L\ of 0[ 2 -singular vectors of weight 
(YIl=i m s Then 

dimA G = dim Sing L A [l] . (8.2) 

8.3.6. Let V G Cg- Then there exists a unique basis /, g of V such that 

f(u) = u l + hu 1 - 1 + ••- + /,, 

g {u) = u l + g x u l - x + ■■■ + gu_y +1 + gu+iU 1 ' 1 + --- + gj 

for suitable complex numbers /i, . . . , fi, gi, ... , 9i-i +1 , 9\- 

Lemma. Assume that — Zj Z for i =^ j. Then all polynomials of the subspace V are 
annihilated by the difference operator 



D v = d(u) - 23(w) t -1 + a(u)r- 2 



where 

n m s — 1 
a=l j=l 

is a polynomial of degree n. 

The lemma follows from Lemma 18.2.21 
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8.3.7. Theorem. Let V G G. Assume that V has a basis f,g such that degf = I and 
degg = I. Assume that Z{ — Zj ^ Z for i ^ j and V is annihilated by a difference operator 
of the form 

d(u) - !B(m) r _1 + a{u)r- 2 , 
where 23 (w) is a polynomial. Then V G C G - 

The proof is similar to the proof of Theorem 7.2 in |MTV2j . 

8.4. Presentation of algebra A G . If — zj Z for i j, we shall use the following 
presentation of the algebra Aq. 
Denote 

a — (ai, ... , 5f_z_i, . . . ,dj) . 

Consider the space C l + l + n ~ l with coordinates a, a, h, cf. Section H~T1 

Denote by p(u, a) the following polynomial in u depending on parameters a, 

p(u, a) = u l + d\u l ~ l + • • • + ai_ l _ l u l+1 + af_i +1 w i-1 + ■ • • + . 

Recall that p(u, a) = u l + aiV" 1 + h a\ and £?(«, fa.) = 2u n + h\U n ~ l + ■ • • + h n . 

Let us write 

Wr a),p(u, a)) = (I - l)u l+l ~ l + w 1 (d, a)u l+l ~ 2 H h iy^ +i _ 1 (o, a) , 

p(«, a)p(u — 2, a) — p(w — 2, a)p(u, a) = 

2(1 - l)u l+l ~ l + w 1 (a,a)u l+l ~ 2 H h% w (o,a) 

for suitable polynomials w±, . . . , u>[ + j_ x , u>i, . . . , t&[ + ;_x in variables a, a, and 

n m s 

(l-l)HH(u-z s +j) = (l-l)u I+l - 1 + c 1 u I+l - 2 + --- + c I+l _ 1 , 

8=1 i=l 

n m s — 1 

(l-l)B(u,h) H ]J(u-z s +j) = 2{l-l)u l+l - 1 + c l {h)u l+l - 2 + --- + c l+l _ l {h) , 

8=1 J=l 

for suitable numbers ci, . . . , q- , z-1 and polynomials ci, . . . , c^_i in variables 
Denote by J G the ideal in C[a, a, h.] generated by 2(1 + I — 1) polynomials 

Wi(a, a) — Ci , a) — Cj(fo) , 2 = 1,...,/ + / — 1. (8.3) 



8.4.1. Lemma. Assume that Z{ — Zj ^ Z /or i ^ j ■ Then 

A G = C[a,a,h]/I G . 
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Proof. The scheme defined by the ideal Iq consists of points p such that 

n m s 

Wr (p(u,a(p)),p(u,a(p))) = (I- I) Y[]J(u - z s + j) , 

8=1 j=l 

n m s — l 

p{u, a)p(u - 2, a) - p(u - 2, a)p(u, a) = (I - I) B(u, h(p)) JJ JJ (u - z s + j) . 

s=l 3=1 

Hence, the polynomials p(u,a(p)), p(u,a(p)) span a vector subspace V lying in the 
intersection Cq, see Theorem 18.3.71 Conversely, if V G Cq, then V has a basis /, g like in 
Lemma 18.3.61 Then by Lemma 18.3.61 we have 

n m s 

Wv(g(u),f(u)) = (l-l) U]\(u-z s +j) , 

8=1 j=l 

n m s — 1 

g(u)f(u-2)-g(u-2)f(u) = (/"-/) JJ f[ (u-z s +j) 

8=1 j=l 

for a suitable polynomial Hence, the triple g,f,"B determines a point p, whose 

coordinates satisfy equations (18.31) . □ 

8.5. Algebra Ap. Consider the space C' +i+ra_1 with coordinates a, a, h. 
Let 

D h = d(u) - B^h)^ 1 + a(u)T- 2 

be the difference operator defined in (14.11) . If h satisfies equations q\{h) = and q2(h) = 0, 
then the polynomial T)h{p{u, a)) is a polynomial in u of degree / + n — 3, 

T> h (p(u,a)) = q 3 (a,h)u I+n - 3 + ... + q !+n (a,h) . 

The coefficients q~i(a, h) are functions linear in a and linear in h. 

Recall that if p(u, a) = u l + aiu 1 ^ 1 + ■ ■ • + ai, and h satisfies equations qi(h) = and 
g 2 (fo) = 0, then the polynomial T> h (p(u, a)) is a polynomial in u of degree / + n — 3, 

T> h (p(u,a)) = q 3 {a, h) u l+n - 3 + ... + q l+n (a,h) . 

Denote by Ip the ideal in C[a, a, h] generated by polynomials qi, q 2 , q 3 , . . . , qi+ n , ?3> • • • , 
qi +n - The ideal Ip defines a scheme Cp C C l+l+n ~ 1 . The algebra 

A P = C[a,a,h)/I P 

is the algebra of functions on Cp. 

The scheme Cp is the scheme of points p G £}+ l+n ^ 1 such that the difference equation 
r ^ > h{p)' w { u ) — has two polynomial solutions p(u, a(p)) and p(u, a(p)). 
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8.6. Isomorphism ipcp '■ ^-g ~* Ap. 

8.6.1. Theorem. If Zi — z 3 - Z for i ^ j, then the identity map £}+ l+n - 1 — > 0+i+n-x 
induces an algebra isomorphism ipcp '■ Aq — ► Ap. 

Proof. If p G Cp, then polynomials p(u, a(p)), p(u, a(p)) are annihilated by the difference 
operator d(u) — B{u, h(p))r _1 + a(u)r~ 2 . If Z{ — Zj Z for i ^ j, then the span V of 
polynomials p(u, a(p)), p{u, a(p)) belongs to Cq by Theorem 18. 3. 71 This reasoning defines 
an algebra homomorphism ipcp '■ Ac ~^ Ap. 

Conversely, if p G Cq, then the triple p(u, a(p)), p{u, a{p)), B{u, h(p)) satisfies equa- 
tions 

n m s 

Wr (p(u,a(p)),p(u,a(p))) = (I - I) J[ J[(u - z s + j) , 

s=l j=l 

n m s — l 

p{u, a)p(u - 2, a) - p(u - 2, a)p{u, a) = (l - I) B(u, h(p)) JJ JJ (u - z s + j) . 

s=l 3=1 

Hence the polynomials p(u, a(p)), p(u,a(p)) are annihilated by the difference operator 
d(u) - B(u, /i(p))r" 1 + a(u)r~ 2 . Therefore, p G Cp. □ 

8.7. Algebra A^. Assume that m\, . . . ,m n , I satisfy conditions of Section IHTLl Let A = 
(A^, . . . , A^ n ^) be the collection of 0[ 2 -highest weights with = (m s , 0). Let 

L\ = L aW ® ■ • • <g> L A (n) 

be the tensor product of irreducible g[ 2 -modules with highest weights AW, . . . , A^ n \ re- 
spectively, and v\ = f( mii o) ® • • ■ <8> f(m„,o) the tensor product of the corresponding highest 
weight vectors. Denote by 

L A (z) = L A (r)(zi) <g> • • • ® L A ( n )(z n ) 
the tensor product of evaluation modules. 

Let SingL A [/] C L A (z) be the subspace of gl 2 -singular vectors of weight (^™ =1 m—l, I). 
The algebra A L is the Bethe algebra associated with SingL A [/]. 

Assume that m, G Z^o for i = 1, . . . ,n, and mi ^ m 2 ^ ■ ■ ■ ^ m n . Assume that 
Zi — Zj + rrij — s and 2j — ^ — 1 — s^O for all i < j and s = 0, 1, . . . , m, — 1. Then 
by Theorem 12.6.2^ there is a natural isomorphism W a ^/K — > L A (z) such that 1 t— > t> A . 
Here C W 7 ^ is the kernel of the Yangian Shapovalov form on W a ^- 

The Yangian Shapovalov form on W a ^ induces the Yangian Shapovalov form 5* on 
L A (z) such that S(v A ,v A ) = 1 and S(x ■ v , w) = S(v,x + ■ w) for all x G Y(g[ 2 ) and 
v,w G L A (z). The form S is nondegenerate and symmetric. 

We have the composition of linear maps 

W a4 - H/ M /K ^ L A (z) . 
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Restricting this composition to Sing W a> d we get a linear epimorphism 

a : SingW M [Z] -> SingL A [Z] . 

The Bethe algebra Aw preserves the kernel of a and induces a commutative subalgebra 
in End (Sing L A [/]). The induced subalgebra coincides with the Bethe algebra A L . We 
denote by ipwL '■ A w — > A L the corresponding epimorphism. 

The operators of the algebra Ap are symmetric with respect to the Yangian Shapovalov 
form on L^(z). 

8.7.1. Denote by 

D L = d(u) - (2 U n + tfj WL (H 1 ) U n ' 1 + --- + ^ WL (H n ))T~ 1 + a(u)r- 2 

the universal difference operator associated with the subspace SingLA[/] and collection 
z. 

8.7.2. Theorem. Assume that the pair A. I satisfies conditions of Section UTTi Then for 
any vq G SingLA[/] there exist vi, . . . ,vj £ Singi^/] such that the function 

w(u) = VqU 1 + ViU 1 ' 1 + ... + Vf 

is a solution of the difference equation T>pw(u) = 0. 

This theorem is a particular case of Theorem 7.3 in |MTV2j . 

9. Three more homomorphisms 

9.1. Epimorphism ipDP '■ Ad — > Ap. A point p of Cp determines the difference equation 
^Dh(p) w(u) = and two solutions p(u, a(p)), p{u, a(p)). Then the pair, consisting of the 
difference operator D^(p) an d the solution p(u,a(p)) of the smaller degree, determines a 
point of Cp. This correspondence defines a natural algebra epimorphism ippp : Ap, — > Ap. 

9.2. Linear map £ : Ap, — > SingLA^]. Assume that Z\, . . . ,z n , mi, . . . ,m n satisfy the 
assumptions of Theorem 12.6.21 Then we have the composition of linear maps 

A D A* D SmgW a>d [l] SingL A [/] . 

Denote this composition by £ : Ap — > Sing La [/]. By Theorem 17.3.11 £ is a linear 
epimorphism. 

Denote by ippp '■ Ap — > Ap the algebra epimorphism defined as the composition 

9.2.1. Lemma. Ifzi,..., z n , mi, . . . , m n satisfy the assumptions of Theorem \2.6.S\ then 
the linear map £ intertwines the action of the multiplication operators Lf, f e Ap, on 
Ap and the action of the Bethe algebra Ap on Sing La [Z], that is, for any f,g& Ap we 
have£(L f (g)) = 

The lemma follows from Corollary 17.4.21 
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9.2.2. Lemma. Ifzi,..., z n , m 1; . . . , m n satisfy the assumptions of Theorem \2.6.S\ then 
the kernel of £ coincides with the kernel ofipDL- 

Proof If ^ DL U) = 0, then f (/) = f = fe(/)(£(l)) = 0. On the other hand, if 

£(/) = 0, then for any g € Ad we have «/)(£(<?)) = £(£/(</)) = £(fg) = £(L g (f)) = 
4>DL(g)(£,(f)) = 0. Since £ is an epimorphism, this means that iPdlU) = 0- ^ 

9.2.3. Lemma. If zi — Zj ^ Z /or i 7^ j, taen £/ie kernel of £ coincides with the kernel 

0f?pDP- 

Proof. If — zj 7* for i ^ j, then the assumptions of Theorem 12.6.21 are satisfied and £ 
is defined. 

By Schubert calculus dim Sing La [Z] = dim Aq. By Theorem 18.6.11 dim Aq = dim Ap 
if Zi — Zj ^ Z for i 7^ j. Hence it suffices to show that the kernel of £ contains the kernel 
of ip dp- But this follows from Theorems 13.2.41 and 18.7.21 

Indeed the defining relations in Ap = ^^/(ker ipop) are the conditions on the operator 
T>h to have two linear independent polynomials in the kernel. Theorems 13.2.41 and 18.7.21 
guarantee these relations for elements of the Bethe algebra Al- Hence, the kernel of ipDL 
contains the kernel of ipop- By Lemma [9.2.21 the kernel of £ coincides with the kernel of 
ipDL- Therefore, the kernel of £ contains the kernel of ipDP- D 

9.2.4. Corollary. Assume that z^ — Zj ^ Z for all i 7^ j . Then the algebras Ap, Al and 
Aq are isomorphic. 

Proof. Since the algebra epimorphisms ipDP and ipDL have the same kernels, the algebras 
Ap and Al are isomorphic. Then Al and Aq are isomorphic by Theorem 18.6.11 □ 



9.3. Second main theorem. Assume that Zj — Zj ^ Z for all i 7^ j. Denote by ippL : 
Ap — > Al the isomorphism induced by ipDL and i/jdp- The previous lemmas imply the 
following theorem. 

9.3.1. Theorem. // z, — Zj ^ Z for all i 7^ j , then the linear map £ induces a linear 
isomorphism 

C : A P - SingL A [/] 

which intertwines the multiplication operators Lf, f £ Ap, on Ap and the action of 
the Bethe algebra Al on Sing La [£], is, /or any /, g G we /iave ((Lf(g)) = 

iM/)(Cfo)). " □ 

9.3.2. Corollary. Assume that z% — zj ^ Z /or a// i ^ j ■ Assume that every operator 
f E Al is diagonalizable. Then the algebra Al has simple spectrum and all of the points 
of the intersection of Schubert cycles 

C G = C^oo)^ 00 ) n ( n r=i Qj-(zj),A« ) 

are 0/ multiplicity one. 
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Proof of Corollary. The algebras Al, Ap and Aq are isomorphic. We have Ap = © p A p p 
where the sum is over the points of the scheme Cp considered as a set and A p p is the 
local algebra associated with a point p. The algebra A v p has nonzero nilpotent elements 
if dim A P) p > 1. If every element / G Ap is diagonalizable, then the algebra Ap is the 
direct sum of one-dimensional local algebras. Hence Ap has simple spectrum as well as 
the algebras Al and Aq. □ 

9.3.3. Corollary 19.3.21 has the following application. 

Corollary. Assume that z\, . . . , z n are real, Z{ — Zj Z and \zi — Zj\ 3> 1 for all i ^ j. 
Then all of the points of the intersection of Schubert cycles 

Cg = Coo,a(°°) n ( n™ =1 C Zi>A {i) ) 

are of multiplicity one. 

Proof. If Zi, . . . ,z n are real and \zi — Zj\ ^> 1 for all i ^ j, then the Yangian Shapo- 
valov form, restricted to the real part of SingL A [/], is positive definite, see Appendix C 
in [MTVlj . The Hamiltonians i[)wl(Hi), i[)wl(Hi), restricted to the real part of 
Sing La [I], are real symmetric operators operators with respect to the Yangian Shapo- 
valov form, see [MTVlj . Hence, all elements of the Bethe algebra Al are diagonalizable 
operators. Therefore, the spectrum of Aq is simple and all points of Cq are of multiplicity 
one. □ 

10. Operators with polynomial kernel and Bethe algebra A l 

10.1. Linear isomorphism 9 : A* P — > SingL/v.^]. Assume that Z{ — Zj ^ Z for all i ^ j. 
Define the symmetric bilinear form on Ap by the formula 

(f,9)p = S(((f),((g)) for all f,geA P , 

where S( , ) denotes the Yangian Shapovalov form on SingLA[i]- 

10.1.1. Lemma. The form (, )p is nondegenerate. 

The lemma follows from the fact that the Yangian Shapovalov form on Sing La [I] is 
nondegenerate and the fact that ( is an isomorphism. 

10.1.2. Lemma. We have (fg, h)p = (g, fh) p for all f,g,hE Ap. 

The lemma follows from the fact the elements of the Bethe algebra are symmetric 
operators with respect to the Yangian Shapovalov form, see Section 13.31 

The form ( , )p defines a linear isomorphism 7r : Ap — > A* p , f i— > (/ , -)p. 

10.1.3. Corollary. Assume that z^ — Zj ^ Z for all % ^ j. Then the map it intertwines 
the multiplication operators Lf, f 6 Ap, on Ap and the dual operators L%, f 6 Ap, on 
Ap. 
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10.2. Third main theorem. Summarizing Theorem 19.3.11 and Corollary 1 1 . 1 . 31 we ob- 
tain the following theorem. 

10.2.1. Theorem. Assume that Zi — z 3 • ^ Z for all i ^ j. Then the composition 9 = 
C/T -1 is a linear isomorphism from A* p to Sing La[/] which intertwines the multiplication 
operators L**, f G Ap, on A* P and the action of the Bethe algebra Al on SingL\[l], that 
is, for any f G A P and g G A* P we have 9(L* f (g)) = ip PL (f)(6(g)). □ 

10.2.2. Assume that Z{ — Zj ^ Z for all i ^ j. Assume that v G Singl^f/] is an 
eigenvector of the Bethe algebra A L , that is, i/jwl(H s )v = X s v for suitable A s G C and 
s = 1, . . . ,n. Then, by Corollary 7.4 in [MTV2] . the difference equation 

(d{u) - {2u n + Aim"" 1 + • • • + A n ) r" 1 + a{u) r" 2 ) w(u) = 

has two linearly independent polynomial solutions, one of degree / and the other of degree 
I. The following corollary of Theorem 110.2.11 gives the converse statement. 

10.2.3. Corollary of Theorem 110.2.11 Assume that Zi — Zj ^ Z for all i ^ j . Assume 
that (Ai, . . . , X n ) G C n is a point such that 

n n 

Ai = ^ (rrij - 2zj) , A 2 = ifl-l-'Y] mj] + (z i z j J r{z i -m i ){z j -m j )), 

and the difference equation 

(d{u) - (2u n + Aim"" 1 + • • • + A n ) r" 1 + a{u) r~ 2 ) w(u) = (10.1) 

has two linearly independent polynomial solutions. Then there exists an eigenvector v G 
Sing L\[l] of the action of the Bethe algebra Al such that for every s — 1, . . . , n we have 

ip WL (H s ) v = X s v . 

Proof of Corollaru \10.2.3[ Indeed, such a point (Ai,...,A n ) defines a linear function 
7] : A P -> C, h s ^ X s , for s = 1, . . . ,n. Moreover, rj(fg) = r)(f)r)(g) for all f,g G A P 
Hence 77 G A* p is an eigenvector of multiplication operators on A* p . By Theorem 110.2.11 
this eigenvector corresponds to an eigenvector v G SingL A [/] of the action of the Bethe 
algebra Ai with eigenvalues prescribed in Corollary 110.2.31 □ 

10.2.4. Assume that (Ai, . . . , X n ) G C" is a point satisfying the assumptions of Corol- 
lary [T0T2T31 We describe how to find the eigenvector v G Sing L\ [l], indicated in Corol- 
lary dEL! 
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Let f(u) be the monic polynomial of degree I which is a solution of the difference 
equation (110.11) . Consider the polynomial 

n-l 

w(y) = y l Hffa-i) 

3=1 

as an element of W^, see Section 16751 By Theorem 16.3.21 this vector lies in SingW ai d[Z] 
and u(y) is an eigenvector of the Bethe algebra Aw with eigenvalues prescribed in Corol- 
lary Consider the maximal subspace V C Sing Wa,d[Z] with three properties: i) V 
contains u (y), ii) V does not contain other eigenvectors of the Bethe algebra Aw, iii) V 
is invariant with respect to the Bethe algebra A w . Let cr(V) C Sing L A [Z] be the image of 
V under the epimorphism a. Then the subspace cr(V) contains a unique one-dimensional 
subspace of eigenvectors of the Bethe algebra At,. Any such an eigenvector may serve as 
an eigenvector of the Bethe algebra Al indicated in Corollary 110.2.31 

11. Homogeneous XXX Heisenberg model 

11.1. Statement of results. In Sections IBHTUl in most of assertions we assumed that 
Zi, . . . ,z n G C are such that Z{ — Zj Z for % ^ j, and mi, ... , m n are natural numbers. 
In this section we assume that 

Z\ — ■ ■ ■ = z n = and ni\ = ■ ■ ■ = m n = 1 . (11.1) 

This special case is called the homogeneous XXX Heisenberg model. 
In other words, in this section we consider the F(g[ 2 )-module 

Li(0) = L(i, )(0)<g) ••■®L( 1)0 )(0) , 

which is the tensor product of n copies of the two-dimensional evaluation module, and 
the subspace of gl 2 " srn g mar vectors of weight {n — 1,1), 

SingLxf/] = {p E Li(0) | e 12 p = 0, e 22 p = lp} ■ 

The subspace SingLif/] is not empty if and only if I ^ n, that is, if and only if the pair 
((1, 0), . . . , (1, 0)) , I is separating. In that case 

d im Sin gil [/] - CHA)- 

The algebra Al is the Bethe algebra associated with the subspace SingLi[Z]. It is 
generated by the coefficients of the series (Tu(u) + T 22 (u)) | Singil rn • 

The main result of this section is the following theorem. 

11.1.1. Theorem. For the homogeneous XXX Heisenberg model, the Bethe algebra Al 
has simple spectrum. 

The theorem will be proved in Section 111.71 
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11.1.2. Denote / = n + 1 — I. We have I + I — 1 = n and I > I. Denote by /, g two 
polynomials in C[u] of the form: 

f(u) = v! + hu 1 - 1 + ••• + /, , (11.2) 

= + ^m'" 1 + . . . + gj^u^ 1 + gi_ l+1 u l ~ l + ••• + #. 

As a byproduct of the proof of Theorem 111. 1.11 we prove the following theorem. 

Theorem. There exist exactly m — f , "J distinct pairs of polynomials f, g of the form 
(1 11. S^ . such that 

f(u)g(u-l)-f(u-l)g(u) = (I - I) (u + l) n ■ 
Theorem 111.1.21 will be proved in Section 111.81 

11.2. Algebra Al for the homogeneous XXX model. Consider the Yangian module 
W a ^ corresponding to the polynomials 

a(u) = (u + l) n , d(u) = u n . 

The numbers (111. lft satisfy the assumptions of Theorem 12.6.21 Therefore the Y(q{ 2 )- 
module £i(0) is irreducible, and there is a natural epimorphism W a ,d —> -^i(O) of Y(q1 2 )- 
modules. Restricting this epimorphism to Sing W^d[Z], we obtain a linear epimorphism 

a : Sing^ M [/] -> SingL A [/] . 

The Bethe algebra Aw preserves the kernel of a and induces a commutative subalge- 
bra in End (Sing La[/])- The induced subalgebra coincides with the Bethe algebra Al, 
see Section [H7fl 

Denote by ipwL '■ Aw — ^ Al the corresponding epimorphism. We have 



(T n {u) + T 2 {u))\ SinKMl] = 2 + ^ WL {H l )u- l + --- + ^ WL {H n )u 

n(n — 1) 



Singii[« 

where 

ipwUHi) = n , ^wl(H 2 ) = 1(1 - 1 - n, } 
see Section 13.2.11 Thus the Bethe algebra Al is generated by elements i/jwl(H 3 ), . . . , 

1pWL(H n ). 

11.3. Algebra Ap for the homogeneous XXX model. Consider the space C 2n with 
coordinates a, a, h, as in Section [831 an d polynomials p(u, a), p(u, a), B(u, h). 

Given the polynomials a{u) — (u + l) n and d(u) = u n , we define the ideal Ip, the 
algebra Ap, and the scheme Cp as in Section [8751 The scheme Cp is the scheme of points 
p g C 2 ™ such that the difference equation 

{u n - B(u,H)t- 1 + (u+ l) n r~ 2 )w(u) = 



has two polynomial solutions p(u, a(p)) and p(u, ct(p)). 
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11.4. Algebra Aq for the homogeneous XXX model. Consider the space C 2n with 
coordinates a, a, h, and polynomials p(u, a), p(u, a), B(u, h). Let us write 

Wr (p(u, a),p(u, a)) = (I — l)u n + u>i(a, a)u n ~ l + h w n (a, a) , 

p(u, a)p{u — 2, a) — p{u — 2, a)p(u, a) = 

2(1- l)u n + u>i(a, a)M n_1 H h w n (a, a) 

for suitable polynomials wi, . . . , w n , til, . . . , w n in variables a, a. 
Denote by 1q the ideal in C[a, a, 7i] generated by 2n polynomials 

Wi(a, a) — (I — I) ^ . j , Wi(a, a) — (j — l)hi , i — l,...,n. (11.3) 

The ideal 1q defines a scheme Cq C C 2n . Then 

A G = C[a,a,h]/I G 

is the algebra of functions on Cq- 

The scheme Cq is the scheme of points p e C 2n such that 

WT(p(u,a(p),p(u,a(p)) = (l-l)(u + l) n , (11.4) 

p(u, a)p(u — 2, a) — p(u — 2, a)p(u, a) = (I — I) B(u, h(p)) . 

11.4.1. Theorem. The identity map C 2n — > C 2n induces an algebra isomorphism ipcp '■ 
A G -> A P . 

Proof. The proof is similar to the proof of Theorem 18.6. 11 If p G Cp, then polynomials 
p(it, a(p)), p(u, a(p)) are annihilated by the difference operator 

u n - B{u, h(p))r~ l + (u + l) n r~ 2 . 

Then by Lemma [8.2. 1[ equations flll.4p hold. Hence, p belongs to Cq- 

Conversely, if p G Co, then the polynomials p(u,a(p)), p(u,a(p)), B(u,h(p)) satisfy 
equations (jll.4p . Hence, the polynomials p{u,a{p)), p(u,a(p)) are annihilated by the 
difference operator u n — B(u, h(p))r _1 + (u + l) n r~ 2 . Therefore, p G Cp. □ 



11.4.2. Lemma. The dimension of Aq considered as a vector space is equal to 

dim Sing L^/] = 



n \ In 



Proof. Consider the ideal Ig{z) defined by (18. 3p for mi = ■ ■ ■ = m n = 1 and arbitrary 
zx, . . . , z n . Consider the algebra A G (z) = C[a, a, h]/I G (z). By Lemma [8.4.11 if z 1; . . . , z n 
are distinct and close to zero, then Aq(z) is the algebra of functions on the intersection 
of Schubert cells Cg(z), see (18.11) . and by (18.21) we have 



dim A G (z) 



n\ In 
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To complete the proof of Lemma 111.4.21 it suffices to verify two facts: 

(i) There are no algebraic curves lying in the scheme Cg(0), defined by the ideal 

dm. 

(ii) Let a sequence z^\ % — 1, 2, ... , tend to 0. Let pW g Cg(z^) , i — 1, 2, . . . , be a 
sequence of points. Then all coordinates (a(p^),a(p' ! '),/t(p^) remain bounded 
as i tends to infinity. 

By Theorem l8.6.1l the schemes Cg{z) and Cp{z) are isomorphic if Z\, . . . , z n are distinct 
and close to zero. By Theorem 111.4.11 the schemes Cg(0) and Cp(0) are isomorphic as 
well. Claims (i) and (ii) hold for the scheme Cp(z) by Theorem 14 . 2 . 1 1 b ecause Cp(z) is a 
subscheme of the scheme Cd(z). □ 

11.5. Three more homomorphisms for the homogeneous XXX model. In Sec- 
tions 19.11 and 19.21 we define an algebra epimorphism if) dp '■ Ap — > Ap, and a linear 
epimorphism £ : Ap, — > SingLi[Z] as the composition of linear maps 

Ap, — — > A*j~j — — > §mgW a4 [l\ SingLif/] . 

We denote by-^^i : A B — > A L the algebra epimorphism defined as the composition 

IpWLlpDW- 

For the homogeneous XXX model, we have lemmas 19.2.11 and 19.2.21 and the following 
analog of Lemma 19.2.31 

11.5.1. Lemma. For the homogeneous XXX model, the kernel of £ coincides with the 
kernel oJi/jdp- 

The proof of Lemma Til .5. II is similar to the proof of Lemma \9 . 2 . 3 1 wit h Theorem 111.4.11 
replacing Theorem 18.6.11 

11.5.2. Corollary. For the homogeneous XXX model, the algebras Ap, Ap and Ac are 
isomorphic. 

Denote by tjj PL : A P — > A L the isomorphism induced by ipp>L and ippp- We have the 
following analog of Theorem 19.3.11 

11.5.3. Theorem. For the homogeneous XXX model, the linear map £ induces a linear 
isomorphism 

C : A P - SingLxf/] 

which intertwines the multiplication operators Lf, f G Ap, on Ap and the action of 
the Bethe algebra Ap on SingLi[Z], that is, for any f,g G Ap we have ((Lf(g)) = 

i>PL(f)(((g)). ' ~ ' " " □ 
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11.6. The Bethe algebra A L of the Heisenberg model is diagonalizable. 

11.6.1. Theorem. For the homogeneous XXX model, all elements of Al are diagonal- 
izable operators. 

Proof. Let v+ be a highest gl 2 -weight vector of £(1,0) and t>_ = e2iv + . Then v + ,V- form 
a basis of £(1,0) • Consider the Hermitian form on Li(0) for which the vectors 

v {l <g) • • • ® v in with ij G {+, -} 

generate an orthonormal basis of Li(0). For any X G End(Li(0)), denote by X' the 
Hermitian conjugate operator with respect to this Hermitian form. It is clear that 

Using the fact that (en + e^)!^ 0) = 1 and the definition of the coproduct (12.21) . it is 
straightforward to verify by induction on n that 

{T ab (u)\ Ll{0) y = (-l) a+6+ "T3_ aj 3- 6 (-«-l)U l( o) , 
where u is the complex conjugate of u. Therefore, 

((Tn(w) + T 22 (w))| Ll(0) ) t = -(T n (-n-l)+T 22 (-«-l))| il(0) . 

This means that for any X G Al, the Hermitian conjugate operator X^ lies in Al- Hence, 
any element of Al commutes with its Hermitian conjugate and, therefore, is diagonaliz- 
able. □ 

11.7. Proof of Theorem Ill.l.Tl The algebras Al, Ap and A G are all isomorphic. We 
have A G = ® p A PjG where the sum is over the points of the scheme Cq considered as 
a set and A P)G is the local algebra associated with a point p. The algebra A Py c has 
nonzero nilpotent elements if dim A p g > 1. By Theorem 111.6.11 every element / G Ac is 
diagonalizable. Hence the algebra Aq is the direct sum of one- dimensional local algebras. 
Therefore Aq has simple spectrum as well as the algebras Al and Ap. Theorem 111. 1.11 is 
proved. 

11.8. Proof of Theorem 111.1.21 It follows from the proof of Theorem 1 1 1 . 1 . 1 1 that for 
the homogeneous XXX model the algebra Aq is the direct sum of one- dimensional local 
algebras. Hence Cq considered as a set consists of (™) — ) distinct points. Theorem 
111.1.21 is proved. 

11.8.1. Assume that v G SingLifZ] is an eigenvector of the Bethe algebra Al, that is, 
i!)wl{H s )v = X s v for suitable X s G C and s — 1, . . . , n. Then, by Corollary 7.4 in [MTV2] . 
the difference equation 

(u n - (2u n + X lU n - 1 + • • • + A„) r- 1 + (u + l) n r~ 2 ) w{u) = 

has two linearly independent polynomial solutions, one of degree I and the other of degree 
n — I + 1. The following corollary of Theorem 1 1 1 . 1 . 1 1 gives the converse statement. 
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11.8.2. Corollary of Theorem 111.1. II Assume that (Ai, . . . , A n ) G C n is a point such 

that n(n-l) 
Ai = n , A 2 = 1(1 - 1 - n) - 1 2 ; , 

and t/ie difference equation 

(u n - (2m" ■ + Aim"" 1 + • • • + A n ) r" 1 + (u + l) n r~ 2 ) w{u) = 

has two linearly independent polynomial solutions. Then there exists an eigenvector v G 
SingLi[/] of the action of the Bethe algebra Al of the homogeneous XXX model such 
that for every s — 1, . . . , n we have 

Proof of Corollary 1 11. 8. E Since the algebra Al has simple spectrum and is isomorphic 
to Ap, then for any point p G Cp there exists an eigenvector v p G SingLi[Z] such that 
ipp L (X) v p = X(p) v p for any X G A P . 

If (Ai, . . . , A„) G C n satisfies the assumption of the corollary, then it defines a point 
peCp such that A s = h s (p). Therefore, 

*Pwl(H s )v p = i) PL {h s )vp = h s (p)v p = X s v p . □ 

11.8.3. Assume that (Ai,...,A n ) G C n is a point satisfying the assumptions of Corol- 
lary [TT22J in order to find the eigenvector v G SingLi[Z], indicated in Corollary 111.8.21 
one needs to apply the procedure described in Section 110.2.41 
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